Abstract. We study the scalar curvature measure for sets belonging to o-minimal structures (e.g. semialgebraic or subanalytic sets) from the viewpoint of metric di¤erential geometry. Theorem: Let S be a compact connected definable pseudo-manifold with curvature bounded from above, then the singular part of the scalar curvature measure is non-positive. The topological restrictions cannot be removed, as is shown in examples.
Introduction
1.1 Plan of the paper and main results. One of the most important and most di‰cult problems in subanalytic geometry is to understand the induced length metric of subanalytic sets. For instance, the behavior of geodesics remains completely mysterious. Apart from a theoretical interest, this question has applications even outside mathematics, e.g. in robotics. This paper is devoted to the study of subanalytic sets by means of integral geometry and metric di¤erential geometry.
In a preceding paper ( [2] ), we defined a scalar curvature measure for singular spaces. More precisely, we associated to each compact connected set belonging to some o-minimal structure (e.g. semialgebraic or subanalytic sets) a signed measure, called scalar curvature measure, which shares many of the properties of the usual scalar curvature of Riemannian manifolds. One of the main results of [2] was to relate the scalar curvature measure to curvature bounds in the sense of metric di¤erential geometry. It has been shown that a lower bound k on the curvature of a compact connected definable set of dimension m implies the lower bound kmðm À 1Þ volðÀÞ for the scalar curvature measure. This theorem generalizes in a non-trivial way the easy fact from di¤erential geometry that positive sectional curvature implies positive scalar curvature.
In this paper, we carry on the study of scalar curvature measure of definable sets. We will show that the analogous result in the case of negative sectional curvature is valid under some minor topological restrictions.
The main theorem is the following (see 1.2 for definitions):
Theorem 1.1 (Main Theorem). Let S be a compact connected definable pseudo-manifold with curvature bounded from above, then the singular part of scalðS; ÀÞ is non-positive.
Remarks. If the dimension of S is m and the upper curvature bound k, then we get an inequality between signed measures: scalðS; ÀÞ c kmðm À 1Þ volðS; ÀÞ:
This generalizes the classical upper bound for the scalar curvature s c kmðm À 1Þ on m-dimensional Riemannian manifolds with sectional curvature bounded from above by k.
If S is a pseudo-manifold, then there exists a stratification with the property that each m À 1-stratum is contained in the boundary of exactly two m-strata. This is what we really need.
The topological assumption made in the theorem is in general necessary. For instance, take the closed unit ball in Euclidean space. Being convex, it has non-positive curvature in the metric sense, but its total scalar curvature is strictly positive because of the boundary contribution. Another example will be presented in Section 4.
Since everything is done locally, the theorem remains true for closed connected definable sets S. In this case, scalðS; ÀÞ is still a di¤erence of non-negative Borel measures and scalðS; U Þ is well-defined for precompact U.
The paper is organized as follows. After giving the basic definitions, we will show some results about geodesics on definable spaces, which are of independent interest, see Section 2. The proof of the main theorem is contained in Section 3. It consists of two steps, one for strata of codimension 1, one for strata of codimension 2. The proofs in these cases are di¤erent, although they share some common features, as the use of the triangle inequality for angles and the extension property for geodesics. A consequence of one of the obtained formulas is the invariance of the scalar curvature measure under isometries. Such a result (actually a more general version) was conjectured by J. Fu. This invariance property is obtained in Section 4. It is the generalization of the classical fact that the scalar curvature on a Riemannian manifold is an inner quantity.
The idea behind the proof of the main theorem is to use the fact that, in the situation we will consider, each geodesic can be extended beyond its endpoints, by properties of CAT-spaces. In codimension 2, the triangle inequality for angles then yields that the density at each point of the stratum is bounded from below by 1. In codimension 1, a careful investigation of geodesics and angles between them is necessary. Again, we will conclude by the triangle inequality for angles that the scalar curvature measure is non-positive. Definition 1.2. A geodesic triangle in an inner metric space consists of three points A; B; C and geodesic segments ½A; B, ½B; C and ½C; A between them. We say that it satisfies the CATðkÞ inequality ðk A RÞ, if for all points P A ½A; B and Q A ½A; C , we have dðP; QÞ c dðP P;Q QÞ, whereP P andQ Q are points on the sides ½Ã A;B B respectively ½Ã A;B B of a comparison triangleÃ A;B B;C C in the 2-dimensional space form M k with constant curvature k with dðÃ A;P PÞ ¼ dðA; PÞ, dðÃ A;Q QÞ ¼ dðA; QÞ.
A metric space is called d geodesic if all pairs of points a distance less than d apart can be joined by a (not necessarily unique) geodesic.
We denote by
Definition 1.3. a) An inner metric space X is called CATðkÞ space if it is a D k geodesic space and all geodesic triangles of perimeter less than 2D k satisfy the CATðkÞ inequality.
b) A metric space X is said to be of curvature ck if it is locally a CATðkÞ-space, i.e. for every x A X there exists r x > 0 such that the ball Bðx; r x Þ, endowed with the induced metric, is a CATðkÞ-space. Recall that in a metric space X , the angle JðA; B; CÞ is defined as the angle atÃ A of a comparison triangleÃ A;B B;C C in Euclidean space. The Alexandrov angle between two geodesics c; c 0 with cð0Þ ¼ c 0 ð0Þ ¼ x is defined as Jðc; c 0 Þ :¼ lim sup t; t 0 !0 Jðx; cðtÞ; c 0 ðtÞÞ. The next few statements are taken from [4] . We will need them in the course of the proof of our main theorem. Proposition 1.5. Suppose X is a CATðkÞ-space. Then:
. The Alexandrov angle between the sides of any geodesic triangle of perimeter smaller than 2D k in X with distinct vertices is not greater than the angle between the corresponding sides of its comparison triangle in M 2 k . Moreover, every D k -geodesic metric space with this property is actually a CATðkÞ-space.
. Every local geodesic in X of length at most D k is a geodesic. . If X is a topological manifold, then each geodesic g : ½a; b ! X can be extended to a geodesic g : ½a À e; b þ e ! X for some e > 0. It follows that, if X is complete, any geodesic can be extended to a geodesic of length D k .
Next, we recall the definition of o-minimal structures. Most propositions about semialgebraic sets can be deduced from a short list of properties, including the TarskiSeidenberg principle (which states that the projection of a semialgebraic set is semialgebraic). Each class of sets satisfying these axioms shares automatically many useful properties with semialgebraic sets, e.g. boundedness of number of connected components. The definition is the following: Definition 1.6. An o-minimal structure is a sequence s ¼ ðs n Þ n¼1; 2; 3;... such that: a) s n is a Boolean algebra of subsets of R n .
b) Algebraic subsets belong to s.
d) If S A s nþ1 then pðSÞ A s n where p : R nþ1 ! R n is the projection on the first n coordinates. e) s 1 consists exactly of finite unions of points and intervals. Examples 1.7. The smallest example of an o-minimal structure is the set of semialgebraic sets.
Globally subanalytic sets form an o-minimal structure. A set is called globally subanalytic if its closure in the projective space is subanalytic.
Sets definable over R exp ¼ ðR; þ; Á; <; expÞ yield another example of an o-minimal structure.
The basic reference for o-minimal structures is [21] , see also [10] . In the rest of the paper, we fix an o-minimal system and refer to its elements as definable sets. Definition 1.8. Let S H R n be a compact connected definable set. Then the restriction of the Euclidean metric of R n defines a metric on S, also called Euclidean metric and denoted by d e . In general, d e is not a length metric, but it induces a unique length metric on S, which we will denote by d i . It is called inner metric of S. T 0 P T k, where P T denotes the projection on T and P
?
T 0 the projection on the orthogonal complement of T 0 . Definition 1.9. A stratification S ¼ 6 i X i of a closed subset of R n is called Verdierstratification if for any pair X i ; X j of strata with X i H qX j and each x A X i we have the following Verdier condition: There are a real number C > 0 and a neighborhood
Given a Whitney-stratification S ¼ UX i H R n of a compact definable set, we denote by Nor e S H R n Â S nÀ1 H R 2n the set of unit vectors normal to some stratum. Nor e T X i X j , X i H X j denotes the set of limits of unit normal vectors of X j with footpoints tending to points X i . A more detailed description of these sets and their relations can be found in [16] . If one defines scalar curvature measure in the integral geometric setting, then one needs tame stratifications from the very beginning. However, in this paper, we define scalar curvature measure by an explicit formula and will need tame stratifications only for some technical arguments in the proof of the main theorem.
We now come to the definition of the scalar curvature measure of definable sets. At first look, this seems to be an ad hoc definition, but it is shown in Theorem 1.2 of [2] that this definition coincides with a more natural definition coming from integral geometry. Since we do not want to go into details on integral geometry (such as Lipschitz-Killing curvatures), we define the scalar curvature measure from the very beginning by the formula below. Here, w 1 ; w 2 ; . . . ; w k denote the normal vectors of X mÀ1 in direction of the highest dimensional strata and tr II w i is the trace of the second fundamental form of X mÀ1 in direction w i ðII w i ¼ À'w i Þ. By w loc ðS; xÞ :¼ wðH Ã ðS; S nfxgÞÞ we denote the local Euler-characteristic of S at x with respect to Borel-Moore homology. y m ðS; xÞ denotes the m-dimensional density of S at x. Remark 1.13. The scalar curvature measure is independent of the chosen stratification. See [16] or [5] for details. Examples 1.14. A Riemannian manifold has positive or negative scalar curvature measure if and only if its usual scalar curvature is positive or negative respectively.
A Riemannian manifold with boundary has positive or negative scalar curvature measure if and only if its scalar curvature is positive or negative and the mean curvature of the boundary is positive or negative respectively.
For a compact Riemannian manifold S, scalðS; SÞ is called the total scalar curvature. The Einstein-Hilbert functional of S is the functional that associates to a metric the total scalar curvature.
The scalar curvature measure of the surface of a cube is concentrated in its vertices. The scalar curvature measure of a vertex is 4p 1 À
The total scalar curvature equals 8p ¼ 4pw. This is the Gauss-Bonnet-formula, which remains true in this setting. See [5] for details.
Law of reflection
Not much is known about the behavior of geodesics on definable sets. Approaching the boundary of a highest dimensional stratum, the di¤erential equation for geodesics becomes singular. However, using some metric arguments and su‰ciently good stratifications, we are able to show a law of reflection that will be important later on.
Proposition 2.1. Let S be a compact definable set of dimension m with a fixed tame stratification, X mÀ1 and X m strata of dimension m À 1 respectively m with X mÀ1 H X m . Then there is a definable subset E of X mÀ1 of dimension smaller than m À 1 such that for each point P A X mÀ1 nE the following two conditions are satisfied:
. The tangent map extends continuously from X m to P, i.e. there is a unique mdimensional space T such that T Q X m ! T for Q ! P.
. Near P, Verdier's condition is satisfied.
Proof. We can refine the given stratification to a stratification satisfying Verdier's condition. Therefore, if we remove some strata of smaller dimension, Verdier's condition will be satisfied on X mÀ1 . On the other hand, the set of limit tangent spaces of X m has dimension less than m in the Grassmannian of pointed m À 1 dimensional a‰ne subspaces of R n (see [16] ). We denote for each x A X mÀ1 nX mÀ1 the set of limit tangent spaces at x by
We therefore see that the dimension of T lim; x X m has to be 0 almost everywhere. As a consequence of Hardt's Theorem (see for instance [10] , Theorem 5.22), this dimension is a definable function of x. It follows that it is 0 outside a set of smaller dimension. With X m being locally connected, T lim; P X m is connected for each P A X mÀ1 . Therefore, if it is 0-dimensional, it consists only of a single space which implies that the tangent map extends continuously to P. r Proposition 2.2. Let X m and X mÀ1 be two strata as above. Suppose that the tangent map extends continuously from X m to P with limit tangent space T. Then we can describe X m (locally at P) in the following way: There are an orthonormal base of R n with associated coordinates fx 1 ; . . . ; x n g and smooth functions g; f such that:
The derivatives of f ,
ðQÞ tend to 0 for Q ! P.
Proof. Remember that X mÀ1 is smooth. The tangent space T P X mÀ1 is included in T, hence the projection of X mÀ1 to T will be a smooth hypersurface of T which can be written as the graph of a smooth function g. If we choose first a coordinate system on T P X mÀ1 , extend it to a coordinate system of T and finally to one of R n , we get automatically the first two conditions. By our assumption, the tangent space T Q X m will be close to T in the Grassmannian. Therefore, the projection from X m to T is a bijective smooth map. By simple topological reasons, its image must be one of the sets fx m > gðx 1 ; . . . ; x mÀ1 Þg or fx m < gðx 1 ; . . . ; x mÀ1 Þg. Changing the signs of the coordinate x m and of g, we can suppose that this image is U ¼ fx m > gðx 1 ; . . . ; x mÀ1 Þg. Since X m is smooth, we get some smooth function f such that X m is the graph of f over U. The partial derivatives of f tend to 0 as follows easily from the uniqueness of the limit tangent space. r
Remark. We can extend f to a continuous function (also denoted by f ) on U ¼ U U graph g. The graph of f over the set graph g is nothing else than X mÀ1 . Since X mÀ1 is smooth, f j graph g is smooth. We know furthermore that T P X mÀ1 H T which yields that all derivatives of f j graph g vanish at 0. Proposition 2.3. Same situation as above. Let A A X m , P A X mÀ1 be points such that d i ðA; PÞ c d i ðA; P 0 Þ for all points P 0 A X mÀ1 . Further suppose that the tangent map extends continuously from X m to P. Choose a geodesic g between P and A, parameterized by arclength and with gð0Þ ¼ P. Let w A T be the vector which is given in our coordinate system by ð0; . . . ; 0; 1Þ. Then
Proof. We argue by contradiction. Suppose there exist a vector w 0 0 w and a sequence of real numbers a 1 > a 2 > Á Á Á ! 0 such that
Set r i :¼ On the other hand, we always have
It follows kgða i Þ À Pk c a i and
Since r i ! 0, it follows kw 0 k c 1 and finally kw 0 k ¼ 1.
Next, T is the unique limit tangent space and therefore w 0 A T. Since w 0 0 w, some of the first m À 1 coordinates of w 0 must be non-zero. Suppose without loss of generality that w 0 ¼ ðw 1 ; . . . ; w m ; 0; . . . ; 0Þ with w 1 0 0. Now, gða i Þ has coordinates ðh 1 ; . . . ; h m ; 0; . . . ; 0Þ with h j ¼ a i w j þ oða i Þ. The line L i that joins this point with the point P 0 ¼ ðh 1 ; . . . ; h mÀ1 ; gðh 1 ; . . . ; h mÀ1 Þ; 0; . . . ; 0Þ has length l i ¼ gðh 1 ; . . . ; h mÀ1 Þ À h m . Since the derivatives of g at 0 vanish, it follows that
For i su‰ciently big, the function f will have arbitrarily small derivatives on L i . It follows that the length of the pre-image of L i under the projection to T, which is a curve in X m , has a length which is close to the length of L i , hence strictly smaller than a i . This is a contradiction, since we have supposed that there is no point on X mÀ1 with smaller distance to A than P, but P 0 would be such a point. r
A similar proof will yield the following:
Proposition 2.4 (Law of reflection). Let S be a compact connected definable set of dimension m with a fixed tame stratification and X mÀ1 an m À 1 stratum neighboring exactly two m-strata X m 1 ; X m 2 . Let g be a geodesic such that gðaÞ A X m 1 for a < 0, P ¼ gð0Þ A X mÀ1 and such that g can be extended beyond P. We assume that the tangent map extends continuously from X m 1 ; X m 2 to P. We choose for each stratum X m i a representation as in Proposition 2.2. Since both T 1 and T 2 contain T P X mÀ1 , we can suppose that the coordinates x 1 ; . . . ; x mÀ1 coincide on T P X mÀ1 . Let w 1 ¼ ða 1 ; . . . ; a m ; 0; . . . ; 0Þ 1 be a tangent vector of gj <0 . Then, if w 1 is not contained in T P X mÀ1 , gj >0 has a unique tangent vector w 2 at P which is given by w 2 ¼ ðÀa 1 ; . . . ; Àa mÀ1 ; a m ; 0; . . . ; 0Þ 2 .
Remarks. a) If w 1 is contained in T P X mÀ1 , the same holds true for w 2 , for otherwise we could apply the proposition with the reversed geodesic. b) If w 1 is not contained in T P X mÀ1 , both sides of g have unique tangent vectors. (Just apply the proposition twice.) It follows that gðaÞ ¼ P þ aw 1 þ oðaÞ and gðÀaÞ ¼ P þ aw 2 þ oðaÞ for small positive a.
Proof of the proposition. Assume first that there is a sequence a 1 > a 2 > Á Á Á ! 0 such that gða i Þ A X m 1 for each i. Then the set
& '
has an accumulation point w 0 of norm 1 (this follows from arguments as in Proposition 2.3). By choosing a subsequence of fa i g (which for simplicity we call again a) we can thus suppose that
Let w 0 be given in coordinates by w 0 ¼ ða This follows from the fact that the derivatives of f tend to 0 for a i ! 0.
On the other hand, g is a geodesic between gða i Þ and gðÀa i Þ which shows
From
We shall show that w 00 ¼ w 2 . Again, kw For a i small, the line in T 1 between P 1 gðÀa i Þ and ðb; g 1 ðbÞ; 0; . . . ; 0Þ 1 lies in U 1 and has a certain length l 1 , while the line between P 2 gða i Þ and ðb; g 2 ðbÞ; 0; . . . ; 0Þ 2 lies in U 2 and has a certain length l 2 . From the fact that g is smooth with vanishing derivatives at 0, we deduce that
Again, we can lift the union of these lines by P 1 and P 2 to get a curve joining gða i Þ and gðÀa i Þ whose length is bounded by
This cannot be smaller than d i ðgða i Þ; gðÀa i ÞÞ ¼ 2a i since g is a geodesic between both points. We deduce that
Finally, it follows that a
Proposition 2.5. Let S be a compact definable set of dimension m with a fixed tame stratification. Suppose S has the geodesic extension property and X mÀ1 is a stratum neighboring exactly two strata X m 1 ; X m 2 of highest dimension. Then at a dense set of points P A X mÀ1 there is a geodesic g passing through both sides of X mÀ1 that has unique tangent vectors at P which are furthermore orthogonal to T P X mÀ1 .
Proof. Choose some point A A X m 1 near X mÀ1 and the point P which is the nearest to A in the inner metric. It is clear that there is a dense subset of points P arising in this way. So we can furthermore assume that P satisfies both conditions of Proposition 2.1 and we can apply Propositions 2.4 and 2.3.
Choose a geodesic between A and P and extend it beyond P to a geodesic g. We can reparameterize by arclength such as to have gð0Þ ¼ P, gðÀd i ðA; PÞÞ ¼ A. By Proposition 2.4, gðaÞ A X m 2 for small positive a. We know by Proposition 2.3 that gj <0 has a unique tangent vector w 1 ¼ ð0; . . . ; 0; 1Þ 1 (the index refers to the coordinate system). We can therefore apply Proposition 2.4 to see that g >0 must have w 2 ¼ ð0; . . . ; 0; 1Þ 2 as unique tangent vector. This finishes the proof of the proposition. r
Proof of the Main Theorem
We recall that the Main Theorem states that a compact connected definable set of dimension m which is a pseudo-manifold with curvature bounded from above by k has scalar curvature bounded from above by kmðm À 1Þ, which means that scalðS; ÀÞ c kmðm À 1Þ volðS; ÀÞ. Before turning to the proof, we will give two easy examples.
Example 3.1. Let S be a connected two-dimensional piecewise linear space. Suppose that S is a topological manifold. Then the following statements are equivalent: a) S is a metric space of curvature c0.
b) For every vertex v of S, the link of S at v is a CATð1Þ-space.
c) The density at each vertex is at least 1. Example 3.2. Let us generalize this example to the higher dimensional case. S is now a piecewise linear manifold which is supposed to be a topological manifold and to have curvature bounded from above by 0. Let m denote the dimension of S. The scalar curvature measure is concentrated on simplices of dimension m À 2. Locally at a point P of such a simplex, S is the product of the normal section and R mÀ2 . Consequently, the normal section is (at least locally) a convex subset of S and thus a CATð0Þ-space in a neighborhood of P (see also Example II 1.15 of [4] ). Since it is a two-dimensional space, this is by the preceding example equivalent to the density at P being at least 1, which implies non-positive scalar curvature measure by Definition 1.12.
Proof of Theorem 1.1. Let S be a compact connected definable pseudo-manifold of dimension m which has curvature bounded from above by k. Choose a tame stratification S ¼ UX i of S. By the topological condition, refining this stratification if nec- This can be done for each stratum dimension separately, the codimension 0 case being trivial (the CATðkÞ-condition implies sðxÞ c kmðm À 1Þ on the smooth part). For strata of codimension 1 and 2, we will show the non-positivity of the scalar curvature measure in Propositions 3.3 and 3.6. r
Strata of codimension 1. The aim of this section is the proof of the following:
Proposition 3.3. If S is a compact connected definable set of dimension m which is a CATðkÞ-space for some k (with respect to the inner metric) and X mÀ1 an m À 1-stratum on the boundary of exactly two m-strata, then scalðS; ÀÞj X mÀ1 c 0 We recall that scalðS; ÀÞj X mÀ1 is given by integration of the definable function h :¼ 2 tr II w 1 þw 2 on X mÀ1 . To show that scalðS; ÀÞj X mÀ1 c 0, it is therefore enough to establish that hðPÞ c 0 on a dense subset of X mÀ1 . We are going to prove that hðPÞ c 0 for all points P A X mÀ1 such that:
a) The tangent map can be extended continuously from both X m 1 ; X m 2 to P. b) The stratification satisfies Verdier's condition near P. c) There is a geodesic passing through P as in Proposition 2.5.
Let S have curvature ck and let S ¼ UX i be a tame stratification of S and X mÀ1 a stratum neighboring exactly two m-strata. Then by Propositions 2.1 and 2.5, the set of points P A X mÀ1 satisfying the above three conditions is a dense subset of X mÀ1 . Let us fix such a point P. We find a geodesic g consisting of two geodesic arcs g 1 ; g 2 such that g i lies entirely in X We carry out the following construction for both X m 1 and X m 2 . In order to simplify the notation, we omit indices. We write g in place of g i and so on. The well defined limit tangent space of X m at P is denoted by T. Apply Proposition 2.2 to the stratum X m and the point P. This yields a system of coordinates x 1 ; . . . ; x n , a set
and a function f : U ! R nÀm such that X m is the graph of f and f has derivatives that converge to 0 if we approach P. In coordinates, f can be written as f ¼ ð f 1 ; . . . ; f nÀm Þ. Since P is contained in T, we get f ð0; . . . ; 0Þ ¼ 0. Furthermore,
Proof of the lemma. The second assertion follows from the fact that the tangent map can be extended continuously from X m to P (see Proposition 2.2). Let us sketch the proof of the first assertion. It will be a consequence of Verdier's condition. Remark that the tangent space of X m at Q is generated as a vector space by the vectors Since the tangent spaces T Q X m converge to T for Q ! P, we see that all derivatives converge to 0. We can suppose without loss of generality that among the vectors qf qx i ðQÞ, i ¼ 1; . . . ; m À 1, the first one is the longest. We denote its length by L ¼ LðQÞ. We have to show that LðQÞ c Cd e ðP; QÞ for some constant C > 0.
Let P P denote the orthogonal projection to T P X mÀ1 and P ? Q the orthogonal projection to the orthogonal complement of T Q X m . From Verdier's condition we know that kP ? Q P P k c Cd e ðP; QÞ for some constant C > 0. Consider the unit vector ð1; 0; . . . ; 0Þ A T P X mÀ1 . Its projection P Q ð1; 0; . . . ; 0Þ to T Q X m is given by 
We know from Verdier's condition that this must be bounded by Cd e ðP; QÞ for some constant C > 0. Since we already know that L tends to 0 for Q ! P, we see that L is bounded by 2Cd e ðP; QÞ for Q su‰ciently near P. This proves the lemma. Remember that there are two m-strata neighboring X mÀ1 . We define e 4 in the same way as we did for e 3 , but this time for the other m-strata. The existence of such functions follows from the second assertion of the lemma.
We denote by P T the orthogonal projection from S to T. Let s be a positive real number which we will let tend to 0. Set eðsÞ :¼ maxfs; e 1 ðsÞ; e 2 ðsÞ; e 3 ðsÞ; e 4 ðsÞg 1=2 ; aðsÞ :¼ s 2 =eðsÞ;
Note that e is monotonically increasing and lim s!0 eðsÞ ¼ 0. We easily see that a c s for s c 1.
Remember that gðaÞ ¼ P þ aw þ rðaÞ where the vector w A T is given in our coordinate system by ð0; . . . ; 0; 1Þ and where rðaÞ ¼ oðaÞ. Then B is given by ð0; . . . ; 0; aÞ þ rðaÞ. Hence, k rðaÞk a tends to 0 for a ! 0. Since x 1 ðsÞ is a geodesic on X mÀ1 , x 00 1 ð0Þ is orthogonal to T P X mÀ1 . From x 1 ðsÞ ¼ P þ sx Remark. Here is where we need that a is strictly bigger than s 2 . On the other hand, we will need later that the quotient s 2 a should very slowly tend to 0 in order to erase some superfluous terms. This is why we defined a in such a complicated way. Compare also with the situation for Alexandrov spaces with curvature bounded from below ( [2] ), where a similar definition for a was necessary.
Proof. Suppose there are arbitrarily small positive s such that the line does not lie entirely in U. The slope of this line in direction x m is of order a=s ¼ s=eðsÞ. If the line does not lie in U, it must cut the graph of g at some point between A and B. Then, at some other point, the slope of the graph of g would equal the slope of the line.
Remember that g is smooth with vanishing derivatives at 0. Therefore the derivatives of g behave like OðsÞ. This is a contradiction, since eðsÞ tends to 0 for s ! 0. This shows the lemma. r
Let L denote the line between A and B. It is given by
Let L denote the pre-image of L under P. Since L lies in U, L is well defined and yields a curve in S between A and B. In our coordinate system, L is given by LðtÞ ¼ ðLðtÞ; f 1 ðLÞ; f 2 ðLÞ; . . . ; f nÀm ðLÞÞ:
We will compute its length in order to get an upper bound for d i ðA; BÞ. First, note the following estimates:
On the other hand, since the first component of B À A is Às þ r 1 ðaÞ, we have kB À Ak d C 2 s for some constant C 2 . Taking the sum of the cosines of these four angles yields:
cos JðA; P; BÞ þ cos JðC; P; BÞ þ cos JðA; P; DÞ þ cos JðC; P; DÞ ¼ shx 00 1 ð0Þ; w 1 þ w 2 i þ oðsÞ ð 1Þ
Let g A ; g B ¼ g 1 ; g C ; g D ¼ g 2 denote the geodesics between P and A; B; C; D. By the CAT-inequality, we have J P ðg A ; g B Þ c JðA; P; BÞ and analogous inequalities for the other points. From the triangle inequality for angles (see [4] , Proposition 1.14) and the fact that B; P; D lie on a geodesic g, we get Proposition 3.6. Let S be a compact connected definable set of dimension m with a fixed tame stratification. Suppose that S is a space of curvature ck for some k A R and that each m À 1-stratum lies on the boundary of exactly two m-strata. Then scalðS; ÀÞj X mÀ2 c 0 for each stratum X mÀ2 of dimension m À 2.
Proof. From Thom's Isotopy Lemma ( [20] , [14] ) it follows that w loc ðS; PÞ ¼ ðÀ1Þ m for each point P A X mÀ2 . In view of Definition 1.12 we shall show that yðS; PÞ d 1 at almost each such point P. By the Normal Section Formula of [2] , the density of S at P equals almost everywhere the density of the normal section S P :¼ ðT P X mÀ2 Þ ? V S at P. It thus su‰ces to show that yðS P ; PÞ d 1 almost everywhere.
Fix a point P A X mÀ2 . A neighborhood U P of P in S P lies in a tubular neighborhood around X mÀ2 which implies that for each point A in S P that is su‰ciently close to P, the Euclidean distance of A to X mÀ2 equals the Euclidean distance between A and P.
We denote by S e ðP; rÞ the Euclidean sphere of radius r around P. By hypothesis and Thom's Isotopy Lemma, the sets S e ðP; rÞ V S P are disjoint unions of sets K 1 ðrÞ; . . . ; K k ðrÞ which are homeomorphic images of circles. Their lengths will be denoted by l 1 ðrÞ; . . . ; l k ðrÞ. The density of S P at P is given by yðS P ; PÞ ¼ lim
This is proven in [2] , it follows from easy arguments using Whitney-stratifications. We will show that each term in this sum is at least 1. It su‰ces to show this for the first one, so we claim that Claim. There exist arbitrarily small r > 0 and points A; B A K 1 ðrÞ with the following property: the geodesic between A and B contains a point P 0 of X mÀ2 . To prove the claim, we need some topological arguments. Choose a homeomorphism j : Since in CATðkÞ-spaces geodesics of length strictly smaller than D k depend continuously on their endpoints (see [4] ), j is a continuous map from B 2 to S. Suppose that the claim were not fulfilled. Then j is a continuous map from B 2 to S nX mÀ2 . It follows that the loop K 1 ðrÞ is contractible in S nX mÀ2 . The image of B 2 under this map lies for r su‰ciently small in the neighborhood U P . Hence K 1 ðrÞ is contractible in ðS nX mÀ2 Þ V U P . On the other hand, K 1 ðrÞ cannot be contractible in S P nfPg, since this set is homotopically equivalent to the union of the sets K i ðrÞ, i ¼ 1; . . . ; k. By Thom's Isotopy Lemma, ðS nX mÀ2 ; PÞ is locally homeomorphic to ððS P nfPgÞ Â R mÀ2 ; PÞ. Therefore K 1 ðrÞ cannot be contractible in S nX mÀ2 which is a contradiction. The claim is proved.
Next, choose a su‰ciently small r and points A; B as in the claim. The geodesic g between A and B contains some (not necessarily unique) point P 0 A X mÀ2 .
The length of the curve K 1 ðrÞ is bounded by 2pry 0 . Since this curve is homeomorphic to a circle, we can join A with B by a curve b of length bounded by pry 0 which stays at a Euclidean distance r away from P. By our assumptions, this curve lies in a tubular neighborhood of X mÀ2 which implies that the Euclidean distance from each point of the curve to P 0 is at least r. Take a series of points A ¼ P 0 ; P 1 ; . . . ; P k ¼ B on b such that d i ðP j ; P jþ1 Þ < e; j ¼ 0; 1; . . . ; k À 1 and X kÀ1 j¼0 d i ðP j ; P jþ1 Þ c lðbÞ c pry 0 :
Let g j be the geodesic between P j and P 0 . We deduce from the CAT-inequality and from the triangle inequality for angles (see [4] , Proposition 1.14)
JðP j ; P 0 ; P jþ1 Þ:
Let l k ðrÞ denote the length of the circle of radius r in M where cðeÞ tends to 1 for e ! 0 ( just take a Taylor development of the k-cosine).
It follows that For r ! 0, the right hand side tends to py 0 < p, which is a contradiction. Hence the assumption y < 1 cannot be fulfilled and Proposition 3.6 is proved. r
The proof of the main theorem is complete.
Further remarks
A natural conjecture would be that the main theorem remains true under the weaker condition that every stratum of codimension 1 lies on the boundary of at least two top dimensional strata. Surprisingly, this turns out to be false. The first part of the proof of the main theorem can be generalized to this situation, the problem lies in the codimension 2 case. Take for instance 5 points on a 4-dimensional unit sphere and join each pair of them by a semialgebraic arc of length 2p 3 in such a way that these arcs do not intersect. With respect to the induced length metric, this graph is a CATð1Þ-space, since every non-contractible loop has length at least 2p ¼ 2D 1 (see [4] , Example II 1.15). The Euclidean cone X over this graph with base point the center P of the sphere is a (semialgebraic) CATð0Þ-space by a theorem of Berestovskii (see [4] , Theorem II 3.14).
On the other hand, w loc ðX ; PÞ ¼ 1 À 5 þ 10 ¼ 6 and y 2 ðX ; PÞ ¼ 10 Another remark concerns the invariance of the scalar curvature measure under isometries. As Brö cker-Kuppe and Fu have shown, each Lipschitz-Killing curvature measure is preserved under any definable isometry. The scalar curvature measure is one of these curvatures. However, there are simple examples of non-definable isometries between definable sets (for instance between a circle and an ellipse). But it is not clear if there is really a big di¤erence between ''isometric'' and ''definably isometric''. Anyway, the next corollary shows that scalar curvature measure is preserved by any isometry: Theorem 4.1. Let S;S S be two compact, connected, definable sets and f : S !S S an isometry between them. Then f induces an isomorphism of the scalar curvature measures, i.e. for each Borel measureŨ U HS S we have scalðS S;Ũ U Þ ¼ scalðS; f À1 ðŨ U ÞÞ:
Proof. The idea is to use Formula (1). The scalar curvature measure on strata of codimension 1 is there expressed only using inner geometric terms: certain geodesics and angles. On m-strata, the scalar curvature is invariant under isometries (classical), on strata of codimension 2 as well (local Euler-characteristic and density are invariant under isometries). Furthermore, the scalar curvature measure is independent of the stratification. These ideas can be easily put together to give a proof of Theorem 4.1. r
